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Intro

Introduction

ccelerating cosmology within mo d gravity: advances?

o No need to introduce extra fields (inflaton, dark scalar or dark fluid, etc) to describe accelerating universe. The problem is solved
by modification of gravitational action at early/late times!

Well-known applications to describe inflation in terms of higher-derivative gravity: Starobinsky, Mamaev-Mostepanenko, 1980.

Very natural possibility to describe dark energy era via modified gravity. The first discovery of quintessence dark era produced by
power-law F(R) gravity is given by Capozziello (2002).

Very natural unification of inflation and dark energy eras in modified gravity: Nojiri-Odintsov 2003.

The complete description of the whole universe evolution eras sequence: inflation, radiation/matter dominance, dark energy in
modified F(R) gravity, Nojiri-Odintsov 2006.

The possible emergence of dark matter from F(R) gravity (Capozziello 2004).
Direct relation of modified gravity theories with string theory. example of F(R) gravity (Nojiri-Odintsov 2003)
Relation with high energy physics (effective action, conformal anomaly, unification of GUTs with HD gravity)

Cosmological bounds and local tests.
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Nagoya), Sergei D. Odintsov (ICREA, Barcelona and ICE, Bellaterra). Nov 2010. 98 pp. Published in Phys.Rept. 505 (2011) 59-148,
e-Print: arXiv:1011.0544 [gr-qc]

Extended Theories of Gravity, Salvatore Capozziello, Mariafelicia De Laurentis (Naples U. and INFN, Naples). Aug 2011. 184 pp. Published
in Phys.Rept. 509 (2011) 167-321, e-Print: arXiv:1108.6266
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F(R) gravity:General properties

The action of ghost-free F(R) gravity

SRy = /d4X\/—g (
The FRW equations in the Einstein gravity coupled with perfect fluid are given by

3 1 X
Pmatter = EHZ ,  Pmatter = 2 (3H2 + 2H) ) (2)

F(R
2(52) + Lmatter) . (1)

which allow us to define an effective equation of state (EoS) parameter as follows:

2H

Weffz—l—w. 3)
The field equation in the F(R) gravity with matter is given by
1 K2
Eg;wF(R) - R;WF/(R) - g‘WDF/(R) + vuvvF/(R) = T 5 [matter v - (4)
By assuming a spatially flat FRW universe,
N 2
ds = —dt* +a(t)’ S (dx') , (5)
i=1,2,3
the equations corresponding to the FRW equations are given as follows:
F(R . . .
0=— % 43 (H2 4 H) F'(R) — 18 (4H2H T HH) F"”(R) + #2pmatser » (6)
_F(R) . N gr o CN
0= - (F+3H) F'(R) + 6 (8H*F + 4 + 6HH + 1) F(R)

. o\ 2
+36 (4HH + H) F""(R) + 2 pmatter - @
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F(R) gravity: General properties

One can find several (often exact) solutions of (6). When we neglect the contribution from matter,
by assuming that the Ricci tensor is covariantly constant, that is, R, o g.., Eq. (4) reduces to
an algebraic equation:

0=2F(R) — RF'(R). (8)
If Eq. (8) has a solution, the (anti-)de Sitter, the Schwarzschild-(anti-)de Sitter space, and/or the
Kerr-(anti-)de Sitter space is an exact vacuum solution.
Now we assume that F(R) behaves as F(R) o fyR™. Then Eq. (6) gives

0=f {7% (61 +121%)" +3m (F1+ H?) (6H + 12/42)"771
—3mH% { (GH + 12H2)'"71}} + w2pga 30 (9)

Eq. (7) is irrelevant because it can be derived from (9). When the contribution from the matter can
be neglected (po = 0), the following solution exists:

) (10)
which corresponds to the following EoS parameter (3):

6m* —7m—1

T3m-—1)(2m-1)" (1)

Weff =
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F(R) gravity: General properties

On the other hand, when the matter with a constant EoS parameter w is included, an exact solution
of (9) is given by

ho 7 2m
a=ayt?, hy= m s
1

3foh m—1 T 3(Tw)
a = [— Gl (—Gho + 12h(2)) {@—2m) 1 —m)—@—mhr}| (12)

K°pPo

and we find the effective EoS parameter (3) as
w+1
Wepp = —1 4+ ——— . (13)
m

These solutions (10) and (12) show that modified gravity may describe early/late-time universe
acceleration.
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F(R) gravity: Scalar-tensor description

One can rewrite F(R) gravity as the scalar-tensor theory. By introducing the auxiliary field A, the
action (1) of the F(R) gravity is rewritten in the following form:

/d xv/—g {F'(A)(R—A)+ F(A)} . (14)

By the variation of A, one obtains A = R. Substituting A = R into the action (14), one can repro-
duce the action in (1). Furthermore, by rescaling the metric as g, — €”gu., (o = —In F'(A)),
we obtain the Einstein frame action:

1 3 s
— /d4x\/7g (Rf Eg’] 8,00,0 — \/(a)> ,

- —c - —o A (A)
V(o) =eg (c ) i (g (c )) = F(A) - F,:_(A)Z . (15)

o2

Here g (e~ 7) is given by solving the equation o = —In (14 f'(A)) = —InF'(A)asA=g (e~ 7).
Due to the conformal transformation, a coupling of the scalar field o with usual matter arises. Since
the mass of o is given by

2

mﬂ'

(16)

d’V(e) 3 A 4F(A) 1
do? 2 { FA) ~ (Fay F“(A)}

unless m, is very large, the large correction to the Newton law appears.

3
2
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F(R) gravity: Viable modified gravities

As an example, we may consider the following exponential model
F(R)y=R+a (e*b’? - 1) . a7

Here o and b are constants. One can regard « as an effective cosmological constant and we choose
the parameter b so that 1/b is much smaller than the curvature Ry of the present universe. Then
in the region R > Ry, we find

obR
Mo ™ Sap?’ (18)
which is positive and mi could be very large and the correction to the Newton law is very small. In

paper by Hu-Sawicky 2007, the one of the first examples of “realistic’ F(R) model was proposed.
Currently, several viable models are proposed.
In order to obtain a realistic and viable model, F(R) gravity should satisfy the following conditions:

@ When R — 0, the Einstein gravity is recovered, that is,

FI(?’;) — l (19)

F(R) = R thatis,

o

This also means that there is a flat space solution.

@ There appears a stable de Sitter solution, which corresponds to the late-time acceleration
and, therefore, the curvature is small R ~ R, ~ (10’33 eV)Z. This requires, when R ~ R[,
F(R)
R2
Here, fo. and fi; are positive constants and n is a positive integer. Of course, in some cases
this condition may not be strictly necessary.

= for = fi (R = R+ 0 ((R— R . (20)
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F(R) gravity: Viable modified gravities

F(R)

R2

@ There appears a quasi-stable de Sitter solution that corresponds to the inflation of the early

universe and, therefore, the curvature is large R ~ R; ~ (1016ng GeV)2. The de Sitter
space should not be exactly stable so that the curvature decreases very slowly. It requires

Here, fo; and fi; are positive constants and m is a positive integer.

F(R) = fuoR® thatis

R2

(21)

T (R— R/)Qmﬂ +o ((R _ R/)2m+1)
@ In order to avoid the curvature singularity when R — oo, F(R) should behaves as
— foo

F(R) = fR*™° thatis
@ To avoid the anti-gravity, we require

which is rewritten as

F(R)
both the future singularity and the singularity due to large density of matter.

fs
R2 -
Here, fx is a positive constant and 0 < € < 1. The above condition (22) or (23) prevents

F(R
Here, fs is a positive and sufficiently small constant. Instead of (22), we may take
Re ’

(22)

(23)

(24)

(25)
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F(R) gravity: Viable modified gravities

@ Combining conditions (19) and (24), one finds

F(R)>0. (26)
@ To avoid the matter instability (Dolgov-Kawasaki 2003), we require
Ro  FOR)FI(R)R,  FU(Ry)

U(Rp) =— _
(Ro) =3 3FOI(R,)2 3FOI(R,)
2F(R)FPI(R)  FO(Ry)Rs 07
3F@(R,)2  3F@(R,)2 27)

The conditions 1 and 2 tell that an extra, unstable de Sitter solution must appear at R = R.
(0 < Re < Ry). Since the universe evolution will stop at R = R, because the de Sitter solution
R = R, is stable; the curvature never becomes smaller than R; and, therefore, the extra de Sitter
solution is not realized.

An example of viable F(R) gravity is given below

PR — L% (R R) — X (Ri R)) O (Ris R) — X (R ROP™
X (Ri ) X (R RO 4 (27175055
X (Ri: R) = (2m+1) Rl2m (28)

:(R _ R’)2m+1 + Rl2m+1 :

Here, n and m are integers greater or equal to unity, and n,m > 1 and R; is a parameter related
with R. by

(2” + 2) X (RI; Rl) X (R/; Rl) + X (R/; RL) )

X (Rii Re) = 2n+3

We also assume 0 < Ry < Ry < Ry.

(29)
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F(R) gravity: Viable modified gravities

Another realistic theory unifying inflation with dark energy is given in
_R _ (ﬂ)"
F(R):R72/\(17e Ro)f/\,- 1—e \Fi +~R. (30)

Here A is the effective cosmological constant in the present universe and we also assume the pa-
rameter Ry is almost equal to A. R; and A; are typical values of the curvature and the effective
cosmological constant. « is a constant: 1 < o < 2. Generalizations: coupling of curvature with
trace of EMT (Harko-Lobo- -Nojiri-Odintsov) or with EMT (Saez-Gomez).
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Mimetic F(R) gravity

This theory makes natural unification of inflation, late-time acceleration and dark matter
via unique gravitational theory. Proposal of mimetic theory:Mukhanov-Chamseddine.
In the mimetic model, we parametrize the metric in the following form.

Buv = —8"7 0p$05 P8y - (31)

Instead of considering the variation of the action with respect to gy, we consider the
variation with respect to g, and ¢. Because the parametrization is invariant under the
Weyl transformation g, — e”(x)é,w, the variation over g, gives the traceless part of
the equation. Proposal of mimetic F(R) gravity: Nojiri-Odintsov,arXiv:1408.3561. In
case of F(R) gravity, by using the parametrization of the metric as above,

5 = /d4X\/ —8 (é’#y7 (;5) (F(R(é;w, d))) + ﬁmatter) . (32)
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Mimetic F(R) gravity

Field equations have the following form:

0 :%gHVF(R(gﬂlM(ﬁ)) - R(éﬂw(ﬁ)uy F’ (R(gul/v(b))
+v (g (éﬂm@s)uu)u \Y (g (&uvs ¢)‘W)V F’ (R (8uv 9))

1
— & (é—}“” ¢),LLV o (é’,uu, ¢) F/ (R (é’}“h (],5)) + 5 Tl"u

+ 6,u¢6u¢ (2F (R (é;wv ¢)) -R (é;wv ¢) F/ (R(él»“/y ¢>))
30 (& @ 9)y0) F' (R @)+ 57) (33)
and

0=V (g(&u9),,)" (046 F (R(&uv19)) = R v 9) F' (R (&, 9))

R R 1
=30 (& @ 0),0) F' (R (@) 4 37) ) - (34)
We should note that any solution of the standard F(R) gravity is also a solution of the
mimetic F(R) gravity. This is because in the standard F(R) gravity, Egs. (33)—(34) are
always satisfied since we find 2F(R) — RF’(R) — 30F'(R) + %T = 0. The mimetic
F(R) gravity is ghost-free and conformally invariant theory.
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Mimetic F(R) gravity

FRW metric: -
ds> = —dt* +a(t)> > dx", (35)
i=1,2,3

with R = 6H + 12H? and ¢ is equal to t (due to mimetic form of metric).
Field equations: Eq. (34) gives

Co

3 =2F(R) — RF'(R) — 30F'(R) + %T
a

PR 4@ R L1y 3p) . (30)

_ 2 2 ’
_2F(R)—6(H+2H ) FI(R)+3~3 4

Here Cy is a constant. Then in the second line of Eq. (33), only (t, t) component does
not vanish and behaves as a=3 and therefore the solution of Eq. (36) with Cy # 0 plays
a role of the mimetic dark matter. On the other hand the (¢, t) and (i, )-components
in (33) give the identical equation:

d?F'(R) dF'(R) . N 1 1
0= 2H — (H+3H?) F'(R)+ =F(R)+ =p. 37
o T2HE T (HA3H) F(R)+ SF(R) 4+ 5. (37)
By combining (36) and (37), we obtain
d?F'(R dF'(R - 1 4¢
0= (R) _ ydFi )+2HF’(R)+—(p+p)+—¢. (38)

dt? dt 2 a3
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Mimetic F(R) gravity

When Cy = 0, the above equations reduce to those in the standard F(R) gravity, or
in other words, when Cy; # 0, the equation and therefore the solutions are different
from those in the standard F(R) gravity. Lagrange multiplier constraint presentation:

Extended model. We may consider the following action of mimetic F(R) gravity with
scalar potential:

s :/ d*xv/ =g (F (R (gu)) — V(6) + A (8" 06006 + 1) + Lonatter) - (39)

This action is of the sort of modified gravity with Lagrange multiplier constraint. Work-
ing with viable modified gravity one can reproduce the arbitrary evolution by changing
scalar potential. This gives natural unification of inflation, dark matter and dark energy.
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Singular evolution

The finite-time future singularities are classified as follows: Nojiri-Odintsov-Tsujikawa,
PRD71,2005,063004.

o Type | (“Big Rip”) : When t — ts, the scale factor diverges a, the effective
energy density per, the effective pressure pog diverge, a — 00, peg — 00, and
|pett| — 00. This type of singularity was presented in
Caldwell-Kamionkowski-Weinberg,PRL91, 2003 where it was indicated that Rip
occurs before entering singularity itself.

o Type Il (“sudden”) : When t — ts, the scale factor and the effective energy
density is finite, a — as, per — ps but the effective pressure diverges |peg| — oco.

o Type lll : When t — ts, the scale factor is finite, a — as but the effective energy
density and the effective pressure diverge, per — 00, |Pest| — 00.

o Type IV : For t — ts, the scale factor, the effective energy density, and the
effective pressure are finite, that is, a — as, pef — ps, |Peft| — Ps. but the higher
derivatives of the Hubble rate H = 4/a diverge.

There is also possibility of change to decceleration in future, or approaching dS or infinite
singularity (like Little Rip). It is interesting that future singularities may occur not only
dark energy epoch but also at inflationary epoch: Barrow-Graham, PRD2015;Nojiri-
Odintsov-Oikonomou,PRD91 (2015)084059.
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Singular evolution

We consider the following action:
1 1
S = /d4x«/—g {?R — 5w(¢)8H¢8”¢ — V(¢) + Lmatter} . (40)

Choice of Hubble rate.In the case of the Type Il and IV singularities, the Hubble rate
H(t) may be chosen in the following form:

H(t) = fi(t) + fa(t) (& — ) . (41)

Here fi(t) and f2(t) are smooth (differentiable) functions of t and « is a constant. If
0 < a < 1, there appears Type Il singularity and if « is larger than 1 and not integer,
there appears Type IV singularity. We first consider the simple case that fi(t) = 0 and
f(t) = fo with a positive constant fy. In the neighborhood of t = ts, we find that,

2af; fo
w(6) = S (=), V@)~ =P ()" (42)
and we find
o= 2V gyt (43)

k(o +1)

Consequently, the scalar potential reads,

2Aa—1)
afy k(a+1) aF1
V(p) ~ —2o J_rlat 1) . 44
()~ -3 {-550] (44)
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Singular evolution

Therefore, when the following condition holds true,

2(a—1)
a+1

—2< <o, (45)

there occurs the Type Il singularity. Accordingly, the Type IV singularity occurs when

the following holds true,

2(a—1)
a+1

More examples maybe presented. Qualitatively: There could be three cases,

0< <2. (46)

© The Type IV singularity occurs during the inflationary era.
@ The inflationary era ends with the Type IV singularity.
© The Type IV singularity occurs after the inflationary era.

Most realistically, we have second and third case, when we may get realistic inflation
while universe survive transition over Type IV singularity. This scenario is also extended
to F(R) gravity.Furthermore, one can get unification of singular inflation with dark
energy via the same modified gravity. Singular inflation with exit thanks to singularity.



Trace-anomaly and inflation

Unifying trace-anomaly driven inflation with cosmic acceleration in modified
gravity. Bamba, Myrzakulov, Odintsov, Sebastiani, arXiv:1403.6649.

Trace anomaly reads (Duff 1994,Buchbinder-Odintsov-Shapiro 1992))
2
<T5>:a<W+EDR> - BG +¢0R, (47)

where W = CE"‘“'C&W,, is the “square” of the Weyl tensor C¢,pp and G the Gauss-Bonnet
topological invariant, given by

1
W =R Reopy = 2R" Ryy + 2R® . G = R Regyuy —4R™ Ry + B2, (48)

The dimensionfull coefficients «, B, and £ of the above expression are related to the number of
conformal fields present in the theory. We introduce real scalar fields Ng, the Dirac (fermion) fields
N, vector fields Ny, gravitons No(= 0, 1), and higher-derivative conformal scalars Nyp. Then

Ns + 6Ng + 12Ny + 611N, — 8/Nyp P Ns + 11Ny + 62Ny + 1411N, — 28Nyp
a = =

120(47)2 ’ 360(47)2 ’
(49)
If we exclude the contribution of gravitons and higher-derivative conformal scalars, we get
_r (Ns + 6Ng + 12Ny), B ! (Ns + 11Ng + 62Ny), € Ny
a = , [ — , =—-—"_
120(4m)2 " F v 360(4m)2 " ° F v 6(ar )
(50)

For Nguper = 4 SU(N) super Yang-Mills (SYM) theory, we have Ng = 6N?, Np = 2N?, and

Ny = N2, where N is a very large number. Therefore, we obtain a relation among the numbers of
scalars, spinors and vector fields.

N2 N?
T4z T Toem

a=4 (51)
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Unifying trace-anomaly driven inflation with cosmic acceleration in modified
gravity

Note that 5
3% +£=0, (52)

and in principle the contribution of the [JR term to the conformal anomaly vanishes, but it could
be reintroduced via a higher curvature term in the action (see below). Owing to the conformal
anomaly, the classical Einstein equation is corrected as

1

Ruv = 8uw R =" (Tuw) . (53)

By taking the trace of the last equation (53), we derive
2
I
R=—xXT}) =~k |:o¢ <W+§DR>—[39+§DR:| . (54)

Despite the fact that in Eq. (52), the coefficient of the [JR term is equal to zero, we can set it
to any desired value by adding the finite R? counter term in the action. In the classical Einstein
gravity, this additional term is necessary to exit from inflation (Starobinsky 1980). Concretely, by
adding the following action

YNV

= 027 /M d*x/—gR*, >0, (55)

Eq. (53) becomes (Dowker-Critchley 1976,Fishetti-Hartle-Hu 1979,Mamaev-Mostepanenko 1980,
Starobinsky 1980)

Ruv— g R IV e +7N2“2
py o peny 4872 MY 10272

2 2 2.2
2 YNk YNk 2, 2
R guv+ 2872 V;LVVR—%T&WDR +r(Tuw) .
(56)



Trace-anomaly and inflation
L Je]

Account of F(R) gravity

The action is given by

1
/= 72/ d*x\/—g [R+2n2iR2+f(R)+2n2[,Qc] , A=
2K M

(57)

where we have considered the R? term in the action with 5 as in (55) and we have added a correction
given by a function f(R) of the Ricci scalar. The field equations are

1
Guv = Ruv — SguvR = K2 {(Tuw) — 45K’ RR, + FR*K*guu + 45r°V VL R — 45r°g,, OR®

(R (Ruv = 3R ) + 380 F(R) ~ R(RI + (V¥ — g0 DV(R) - (56)

The trace is described as

R = —r*(aW — BG + 60R) — 2f(R) + Rfz(R) + 307&(R), (59)
where we have imposed the condition in Eq. (52) and introduced é defined as
3 YN?
d=—-12y=—-—, 0<0. 60
2 Ton2 < (60)

Here, v(> 0) is a free parameter. The flat FLRW space-time
ds® = —dt® + a(t) (dx2 +dy® + dzz) , (61)
The energy density p and pressure p of quantum corrections are represented as

(Tw) =p, (Ty)=pa(t)’s;, (i,j=1,2,3). (62)
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Account of F(R) gravity

In the FLRW background, it follows from (u, v) = (0, 0) component and the trace part of (p, v) =
(i,j) of Eq. (58), we obtain the equations of motion

%HZ = o+ % [RfR(R) — F(R) — 6H?fr(R) — 6HiR(R)] = perr» (63)
7% (2H+3H2) = p+ i{7RfR(R)+f(R)+(4H+6H2)fR(R)+4HfR(R)+2?R(R)]
= Peff - (64)

In these equations, pefr and pesr are the effective energy density and pressure of the universe. The
effective conservation law
Peft + 3H (pest + pest) = 0. (65)

The effective energy density is

pei = 2g +68H*+5 (18K + 6HH — 31 ) + — (Rfa(R) — F(R) — 6H*fa(R) — 6Hr(R))
a* 2k2

(66)
where pg is the constant of integration. The effective pressure is
P = oo — 6 (6H +8HH) — 5 (O + 12HF + 2fi + 18HH) +
KER
1 X . .
53 [—RfR(R) + F(R) + (4H + 6H)fr(R) + 4HfR(R) + sz(R)} . (67)

In the expressions of pef in Eq. (66) and pefr in Eq. (67), we can recognize the contributions from
not only modified gravity but also quantum corrections.
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Trace-anomaly driven inflation in exponential gravity

Exponential f(R) (Cognola-Elizalde-Nojiri-Odintsov-Zerbini 2007)
R
f(R) = —2Aes [1 — exp <——>i| . (68)
Ro

Indistinguishable from LCDM.
de Sitter solutions:

5 1 8¢ 27 M? 8¢
Hd_gi:w7 ldy1-3 )= szl 1+y1-3 .

¢ 8T M3 3
A= g5 =¢ szl » 0<C< o (69)
There are two special solutions
1 47 M3
2 PI
Hys = B2 N Aet =0, (70)
1 2m M3 3 3 (8rM?
2 _ PI _ _ PI
Hos = 252~ e “eff*sww(/vz : ()

Stability of the de Sitter solutions We define the perturbations AH(t) as
H = Hise + AH(), |AH(E)] < 1. (72)

The solution is given by

—3Hysy + \/9H§Si +4 (& — 4H3.B)
2

AH(t) = Age™12t | X o = (73)

where Ag is a constant.
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Trace-anomaly driven inflation in exponential gravity

The de Sitter solutions of the model (68) are unstable (and adopted to describe the inflation) only
if A1 (the eigenvalue with the positive sign in front of the square root) is real and positive, i.e.,
1

- =
w*His 4

48 >0, 9Hi, + % (% - 4H§Si5> >0. (74)
Here, we have taken into account the fact that 3 > 0 and § < 0.

Dynamics of inflation

Given the unstable de Sitter solution Hgsi in , to analyze inflation occurring in the model in Eq. (68),
we have to calculate the amplitude of the perturbations in Eq. (73).

At the time t = 0 when inflation starts, we have to set AH(t = 0) = 0. The complete solution of
this equation is given by the homogeneous part in Eq. (73) plus the contribute of modified gravity

as follows Rus /R

e "dS/ 0N [ Rys 1 2 -1
AH(t) = Ape™2t — ——— L (2B o) (= —4H, . 75
() = Aoe s (7 2) (5 — 9o (79)

Thus, at t = 0, by putting AH(t = 0) = 0, we can estimate the amplitude Aj as

—Rys /Ry —1/2
e Ras/Ro¢ / Rys ) ( 8 )

A=———< | — +2 1—- <0. 76
° T T T2Hy(5R) (Re+ 3¢ e

Here, we have considered only the unstable solution Hys = Hgs; in Eq. (69).
The time at the end of inflation

Rds
te ~ . 77
o= (77)
The number of e-folds N is
N=n (3> , (78)
ai

and inflation is viable if N' > 76.
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For the model (68), by taking account of the fact that we have chosen t; = 0 and using Eq. (77),

we acquire
8
2R 16 1-3¢
N = Hystr = 3RdS -1+ 1-— 9756 Vo . (79)
0 1+4/1-5¢
By combining this relation, the expressions for 3 in Eq. (51) and ¢ in Eq. (60), and Eq. (79), we
have
-1
8
2b 4 1-3¢
N=F -1+ |14 v . (80)
T \14+4/1-%

Spectral index
The second time derivative of a(t) is

E] .
oW+ H=H1-¢), (81)
a
with the parameter . When the approximate de Sitter solution is realized, it has to be very small
as .
H
€=-1a < 1. (82)
Moreover, € has to change very slowly. There is another parameter 7, which has to also be very
small as .
1] A <1 (83)
=|-—|=|e— —¢ .
K 2HH 2eH

These two parameters are the so-called slow-roll parameters.
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The amplitude of scalar-mode power spectrum of the primordial curvature perturbations at k =
0.002 Mpc~? is described as

K2H?
8m2e
and the last cosmological data constrain the spectral index ng and the tensor-to-scalar ratio r are
given by (Mukhanov:1981),

A% = (84)

ng=1—6e+2n, r=16e. (85)
In the model (68), we find

1 8 2 8
A?R = 7327TZBE (1 +4/1— §C> = e (1+ m) s (86)

The parameters € and 7 read

AH(t) B b2 < 5 > eP1t=b¢ (b 4 2) < b +1> _ b2 ePMt=b)¢ (b4 2) ( b N 1>
Hi, — N2\ 4B (1-%¢) 3NV TN (1-8¢) 3N ’
é A1 b
= e— —e— o —e— — . 87
n T 2eHs ¢ 2Hs ¢ 2N (87)
During inflation, when t < t¢, since N’ > 1, we have
b e"b¢(b+2) b
~ 2 2 ST g, ~-—] < 1. 88
o m Il <t |5 (®8)

Thus, the spectral index and the tensor-to-scalar ratio in Eq. (85) for the model (68) are derived as

b 6b%e P (b+2) _16b% e7P¢ (b +2)

SR N e O R SR S 3

(89)
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We mention the recent observations of the spectral index ns as well as the tensor-to-scalar ratio
r. The results observed by the Planck satellite are ny = 0.9603 & 0.0073 (68% CL) and r <
0.11(95% CL). Since b/N < 1 and 1 < b, the constraints from the Planck satellite described
above can be satisfied. For instance, for b =3, ( = 1/8, and N' = 76, we have ng ~ 0.9601 and
r=1.20x10"3

On the other hand, the BICEP2 experiment has detected the B-mode polarization of the cosmic
microwave background (CMB) radiation with the tensor to scalar ratio r = 0.207%% (68% CL),
and also the case that r vanishes has been rejected at 7.00 level.

For our model, even if the dependence of the tensor-to-scalar ratio on A2 makes it very small, we
can play with a value of ¢ close to 3/8 in order to increase its value. For instance, with the choice
¢ = 0.37125, we can still describe the unstable de Sitter solution for b > 1, since Rys > Ry and
f(Ras) =~ —2Acer. Thus, the number of e-folds N depends on ~y only as in Eq. (80). Indeed, when
we take the combination of the values of b and v, e.g., (b =2,v > 1.14), (b = 3,~ > 0.76), and
(b=4,~ > 0.57), and so on, we obtain N > 76.

For example, if N = 76, for b =2, 3 and 4, we acquire r = 0.22, 0.23, and 0.18, respectively.
Thus, unification of realistic inflation with viable dark energy era occurs in exponential F(R) gravity
with account of quantum effects (trace anomaly). This is in full accord with first discovery of such
unification proposed in Nojiri-Odintsov2003.
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Anti-evaporation of SdS BHs in F(R) theory

L.Sebastiani, D. Momeni, R.Myrzakulov, S.D.Odintsov, arXiv:1305.4231

Nariai metric in the cosmological patch with Ry = 4\ and cosmological time t given by
7 = arccos [cosh t] ! reads

1
Acos? T

—7m/2 < T < w/2. F(R)-gravity admits such a metric as the limiting case of the
Schwarzshild-de Sitter solution under the condition

2F(Ro) = RoFr(Ro) - (91)
Perturbations around the Nariai space-time are described by

ds? = ¢2P(xT) (7d7—2 + dx2)+e_2‘P(’<”')dQ2 , p=—In [\ﬁcos T] +8p, @ =InVA+dp.

1
ds® = (=d7?® + dx?) + xc/Q2 , (90)

(92)

From the field equations of F(R)-gravity one finds

1 . 2AFrr(Ro)
2(2a — 1)8¢p] —36¢ +35¢” =0, =—— 93
oot 7 (22~ 1)0¢] = 305 + 30y F/(Ro) 9
and
_ 2 . 11 - "y _ FR(RO)

SR = 4N (—6p+ 5¢) + Ncos® T (20p — 26p" — 46¢ + 45¢"") = 2 dp. (94)

Frr(Ro)

Equation (93) can be used to study the evolution of ¢(7, x). In principle, one may insert
the result in (94) in order to obtain p(7,x). However, the radius of the Nariai black
hole depends on (7, x) only, so that we will limit our analysis to.Eq. (93).
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Horizon perturbations.

The position of the horizon moves on the one-sphere S; and it is located in the corre-

spondence of Vy - Vdp = 0. For a black hole located at x = xg, the horizon is defined

as

1+ 8p(x0,7)
A .

Therefore, evaporation/anti-evaporation correspond to increasing/decreasing values of

dp(7) on the horizon.

Following [J. C. Niemeyer and R. Bousso, Phys. Rev. D 62 (2000) 023503 [gr-

qc/0004004]] we can decompose the two-sphere radius of Nariai solution into Fourier

modes on the S; sphere, namely

ro(r) 72 = e2#(m0) = (95)

+o00o
dp(x, t) = ez (An(1)cos[nx] + Bn(7)sin[nx]) , 1>e>0. (96)

Here, € is assumed to be positive and small. From Eq. (93) we get

Sp(x, 1) = €3 PL(E) [a,, cos(nx) + by sin(nx)] , &=sinT, (97)
n=1

SECTESI R FUVATE S S NC)

Above, Pl (&) are the Legendre polynomlals regular on the boundary £ =0 (i.e. t =0)
and the unknown coefficients {an, by} can in principle be obtained by using the initial
boundary conditions at £ = 0.

with
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By using this formalism, we can study the stability/unstability of Nariai solutions in
F(R)-gravity for different modes of dp(x,t). For n = 1 one has near to £ = 1 (i.e.
t — +o0):

@ When p is real

212 282y — 1P 4 2u(1 + v))
M1 —p) ar(2 —p)

_u
PL(E) ~ (1-€)7 2 1-9+00- 5)2}
(99)
This is the case of « real and 1/2 < v or a < 0, for example models like
F(R) = R+ ~yR™. The Legendre polynomial and therefore the Nariai horizon
diverge. We have anti-evaporation (or evaporation if € < 0 from the beginning).

@ When p is complex number

el el

an 277 277 (1-¢)
T —ilul) 472 —ilp))

PIHl(e) ~ (1-€)~ (el(i + |ul) +2v(v + 1)) + O(1 - €)%)
(100)

This is the case of 0 < a < 1/2, for example models like

F(R) = R — 2A(1 — eR/R™). The Legendre polynomial and therefore the Nariai

horizon do not diverge. Solution is stable, we can have only transient

evaporation/antievaporation.
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Stable neutron stars from f(R) gravity
A.Astashenok,S. Capozziello and S.D. Odintsov,arXiv:1309.1978

It is convenient to write function f(R) as
f(R) = R+ ah(R), (101)
The field equations are

1 8 G
(1+ ahr)Guy — Ea(h — hrR)gur — a(V,Vy — guO)hg = CTTM,, . (102)
Spherically symmetric metric with two independent functions of radial coordinate:

ds® = —*?Pdt® + &2 dr® + r*(d6? + sin® 0d¢?). (103)

The energy—momentum tensor T,, = diag(ez¢pc2, e P, r?P, rsin? OP), where p is the matter
density and P is the pressure. The components of the field equations are

—8nG

;P = —r72+efzk(1—2r)\,)f72+ahR(—’72+972A(1—2’)\/)’72)
C
1
—5olh = haR) + e Palhr 12— r\) + hYl, (104)
8 G —2 —2X o —2 -2 —2X N, —2
TP = e A2 ) b abe(—r T e (L 2rg)r )

1
—5olh— hrR) + e P ahhr (2 4 r¢'), (105)

where prime denotes derivative with respect to radial distance, r.
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For the exterior solution, we assume a Schwarzschild solution. For this reason, it is convenient to

define the change of variable
—2n _y 2GM
e = — .

(106)

c2r

The value of parameter M on the surface of a neutron star can be considered as a gravitational star
mass. Useful relation oy 1
== 1—e*”1—2r>\’), 107

| ( ] (107)

The hydrostatic condition of equilibrium can be obtained from the Bianchi identities
dP 2, do
—_— == P —_,. 108
=+ P/ (108)
The second TOV equation can be obtained by substitution of the derivative d¢/dr from (108) in
Eq.(105). The dimensionless variables
M=mMg, r—rgr, p— pM@/rgB7 P — pM@cz/rs7 R — R/r:.

Here Mg is the Sun mass and r, = GMg /c* = 1.47473 km. Egs. (104), (105) can be rewritten
as

1 dm 1 2m 2hy,
2 2 2 2 2
(1 + arghg + Eargh;‘,r> o = Amer’ = qar'y (h — hgR =2 (1 - ) (TR + h;’)) ,
(109
_ 2 m 2m 2 5 2./ _1dp
8np = —2 (1 + arghR) 5 (1 - ) (7(1 +arghg) + arghR> (p+p)~ —— (110)

dr
1, 2m\ hy
-z h—hrR—4(1- ) 2R
2%( " ( r)r)’

where ’ = d/dr.
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For o = 0, Egs. (109), (110) reduce to
dm

~ 2
— _—a 111
oy = Amhr (111)
dp Ampr® + m
LT T (s , 112
B ) (112)

i.e. to ordinary dimensionless TOV equations. These equations can be solved numerically for a given
EoS p = f(p) and initial conditions m(0) = 0 and p(0) = pc.

For non-zero «, one needs the third equation for the Ricci curvature scalar. The trace of field Egs.
(102) gives the relation

3G
P

3alhg 4+ ahgR — 2ah — R = — (=3P + pc?). (113)

In dimensionless variables, we have

(/2 3m dm 2m dp d 2m\ d?
3ar, - |1l-—— ) — ) =+ (1-— ) — | hr
& r r2 rdr r ) (p+p)dr/ dr r ) dr?
+ar’hgR — 2ar’h — R = —87(p — 3p). (114)
We need to add the EoS for matter inside star to the Eqs. (109), (110), (114). Standard polytropic
EoS p ~ p” works, although a more realistic EoS has to take into account different physical states
for different regions of the star and it is more complicated.
Perturbative solution. For a perturbative solution the density, pressure, mass and curvature can be
expanded as
p=p"+ap®+.., p=p0 tap® .., (115)
m=m® +amV + ..., R=R? +ar® 4+ .,
where functions p(o), p(o), m©® and R satisfy to standard TOV equations assumed at zeroth order.
Terms containing hg are assumed to be of first order in the small parameter «, so all such terms
<hould be evaluated at O(a) order
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For m = m©® + am®, the following equation

d 1 1 d d
an_ drprr—ar® <47Tp(0)hR + 7 (h— hRR)>+Ea ((21’ —3m@ — 47rp(0)r3) pro + r(r— 2m(0))—
r

dr dr?
(116)
for pressure p = p(o) + ozp<1)
r—2mdp =, m 2 ) 1 (0 © 3\ 9hr
e o = 47r p+77ozr 4mp hR+Z(h7hRR) 7a(r73m + 2mpr ) -
(117)

The Ricci curvature scalar, in terms containing hg and h, has to be evaluated at O(1) order, i.e.
R~ R® =8r(p® —3p®). (118)

We can consider various EoS for the description of the behavior of nuclear matter at high densities.
For example the SLy and FPS equation have the same analytical representation:

a1 + af + as€?

¢ = ?f(%(f — ag)) + (a7 + ag&)f(ag(a0 — &))+ (119)
a
+(an1 + an€)f(az(aws — &)) + (a1s + a168)f(ar7(as — £)),
where
¢ =log(P/dyncm™?), £ =log(p/gem’),  f(x) = ﬁ :

The coefficients a; for SLy and FPS EoS are different.
Neutron star with a quark core. The quark matter can be described by the very simple EoS:

pq = a(p — 4B), (120)

where a is a constant and the parameter B can vary from ~ 60 to 90 Mev/fm3.
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For quark matter with massless strange quark, it is a = 1/3. We consider a = 0.28 corresponding
to ms = 250 Mev. For numerical calculations, Eq. (120) is used for p > py, where py, is the
transition density for which the pressure of quark matter coincides with the pressure of ordinary
dense matter. For example for FPS equation, the transition density is p;, = 1.069 X 10" g/cm3
(B = 80 Mev/fm?), for SLy equation p;, = 1.029 x 10'° g/cm® (B = 60 Mev/fm?).

Model 1.

f(R) = R+ BR(exp(—R/Ry) — 1), (121)
We can assume, for example, R = 0.5rg72. For R << Ry this model coincides with quadratic model
of f(R) gravity.
For neutron stars models with quark core, there is no significant differences with respect to General
Relativity. For a given central density, the star mass grows with «. The dependence is close to
linear for p ~ 10%°g/cm3. For the piecewise equation of state ( FPS case for p < p¢) the maximal
mass grows with increasing . For 8 = —0.25, the maximal mass is 1.53Mg, for 8 = 0.25,
Mpmax = 1.59Mg, (in General Relativity, it is Mmax = 1.55M()). With an increasing 3, the maximal
mass is reached at lower central densities. Furthermore, for dM/dp. < 0, there are no stable star
configurations. A similar situation is observed in the SLy case but mass grows with 3 more slowly.
For the simplified EoS (119), other interesting effects can occur. For 8 ~ —0.15 at high central
densities (pc ~ 3.0 — 3.5 x 10"g/cm?®), we have the dependence of the neutron star mass from
radius and from central density. For 8 < 0 for high central densities we have the stable star
configurations (dM/dp. > 0).
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For example the measurement of mass of the neutron star PSR J1614-2230 with 1.97 &+ 0.04 Mg
provides a stringent constraint on any M — R relation. The model with SLy equation is more
interesting: in the context of model (121), the upper limit of neutron star mass is around 2M, and
there is second branch of stability star configurations at high central densities. This branch describes
observational data better than the model with SLy EoS in GR.

Possibility of a stabilization mechanism in f(R) gravity which leads to the existence of stable neutron
stars which are more compact objects than in General Relativity. Cubic model.

f(R) = R+ aR*(1+R). (122)

Let |[YR| ~ O(1) for large R and aR*(1 + vR) << R. For small masses, the results coincide
with R? model. For v = —10 (in units r;) the maximal mass of neutron star at high densities
p > 3.7 x 10" g/cm® is nearly 1.88M, and radius is about ~ 9 km (SLy equation). For v = —20
the maximal mass is 1.94M, and radius is about ~ 9.2 km . In the GR, for SLy equation, the
minimal radius of neutron stars is nearly 10 km. Therefore such a model of f(R) gravity can give
rise to neutron stars with smaller radii than in GR. Therefore such theory can describe (assuming
only the SLy equation), the existence of peculiar neutron stars with mass ~ 2M¢ (the measured
mass of PSR J1614-2230) and compact stars (R ~ 9 km) with masses M ~ 1.6 — 1.7TM,.

For smaller values of v the minimal neutron star mass (and minimal central density at which stable
stars exist) on second branch of stability decreases.

It is interesting to note that for negative and sufficiently large values of €, the maximal limit of
neutron star mass can exceed the limit in General Relativity for given EoS (the stable stars exist for
higher central densities). Therefore some EoS which ruled out by observational constraints in GR
can describe real star configurations in frames of such model of gravity. One has to note that the
upper limit in this model of gravity is achieved for smaller radii than in GR for acceptable EoS.
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f(G) gravity: General properties

Topological Gauss-Bonnet invariant:
G = R® — 4R, R" + Ruves R*VE7 (123)

is added to the action of the Einstein gravity. One starts with the following action:

1
S = /dAXx/ —-g <?R + f(G) + ﬁmatter) . (124)
Here, Liatter is the Lagrangian density of matter. The variation of the metric gy,,,:
1 N v 1, "
0= (_R“ + Eg" R) + ThY o + Eg* Yf(G) — 2f' (G)RR"Y
+4f'(G)R" RY? — 2f (G)R"PTTRY, . — 4f (G)R"*7VR,yo +2 (V' V" F(G)) R
—2g" (sz’(g)) R —4(V,V*f'(G)) R"" — 4(V,V"f'(G)) R**
+4 (sz'(g)) RMY 1 4gh (V, Vo' (G)) R®? — 4 (V,V,f'(G)) RHY . (125)
The first FRW equation:
3 2 ’ 5 o171 3
0= _EH — f(G) + Gf'(G) — 24Gf (G)H” + pmatter - (126)

Here G has the following form:
G =24 (HZH + H“) . (127)
the FRW-like equations (fluid description):

3 1 .
Pt = QHZ» Pk = = (3"’2 + 2H) : (128)
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Here,
o = — F(G) + Gf'(G) — 24Gf" (G)H® + pmatter »

2 1! 1 117
P =H(G) — O (0) + 29 £(G) + BH'GF"(G) + BH'G*F(0) + prscser . (129)

When pmatter = 0, Eq. (126) has a de Sitter universe solution where H, and therefore G, are
constant. For H = Hy, with a constant Ho, Eq. (126) turns into

. 3 2 4 o1 4 4
0= — = H; + 24H;f (2aH) — £ (2417 - (130)
As an example, we consider the model
F(9)=H161" (131)
with constants fy and 8. Then, the solution of Eq. (130) is given by
1
Hy = . (132)

24(8(n — 1) 26) BT
No matter and GR. Eq. (126) reduces to
0 =Gf'(G) — f(G) — 246" (G)H* . (133)
If f(G) behaves as (131), assuming

{ agtho when hy > 0 (quintessence) (134)

ao (ts — t)"  when hy < 0 (phantom)

one obtains
0=(8—1)h (ho — 1) (ho — 1L +48) . (135)
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As hy = 1 implies G = 0, one may choose
hg=1—-43, (136)
and Eq. (3) gives

2
Weef = —1+ ———— .
£f + 3(1—49)
Therefore, if 8 > 0, the universe is accelerating (wegsr < —1/3), and if 3 > 1/4, the universe is in
a phantom phase (wegr < —1). Thus, we are led to consider the following model:

(137)

£(G) = 161" + fi16|" (138)
where it is assumed that
B>t Llsps? (139)
> 503 1>

Then, when the curvature is large, as in the primordial universe, the first term dominates, compared
with the second term and the Einstein term, and it gives
2 5

—-1> =1+ —>—=.
Weff + 3(1—45) 3

(140)

On the other hand, when the curvature is small, as is the case in the present universe, the second
term in (138) dominates compared with the first term and the Einstein term and yields

1+ _z < > (141)
Weff = — —=.

off 3(1—48) 3

Therefore, theory (138) can produce a model that is able to describe inflation and the late-time
acceleration of the universe in a unified manner.
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The action (124) can be rewritten by introducing the auxiliary scalar field ¢ as,

S= /d“x\/fg [% — V() — §(¢)g] . (142)

By variation over ¢, one obtains

0=V'(¢) +£'(9)G, (143)
which could be solved with respect to ¢ as
b =¢(9)- (144)
By substituting the expression (144) into the action (142), we obtain the action of f(G) gravity,
with
f(G) = -V (4(9)) +£(4(9) G - (145)

Assuming a spatially-flat FRW universe and the scalar field ¢ to depend only on t, we obtain the
field equations:

0=~ 21 1 V() 1 2am L) (146)
K dt

Lo d*&(¢(1))

0=— (2H + 3H2) — V(9) — 8H? = T
e D) s dE() (147)

dt dt
Combining the above equations, we obtain
2
0o 2 e TEO) o d0() | s de(6()
K2 dt? dt dt

:%H_gai <ij> 7 (148)
K dt a dt



f(G) gravity
0000e

f(G) gravity: General properties

which can be solved with respect to £(¢(t)) as

o) = g [ dn i we), wo= 3 1 ). (149)
Combining (146) and (149), the expression for V(¢(t)) follows:
V(g(t)) = %H(t)z — 3a(t)H(t)W(t). (150)

As there is a freedom of redefinition of the scalar field ¢, we may identify t with ¢. Hence, we
consider the model where V/(¢) and &£(¢) can be expressed in terms of a single function g as

V(6) =58 (6 — 36 (9) S DU(9),

(¢1)
s(¢):3/¢d¢ Ui,

——F=U
8 g6
2 @ "
U(4) =3 / d¢197g(¢1)g (f1) - (151)
By choosing V/(¢) and £(¢) as (151), one can easily find the following solution for Eqs.(146) and
(147):
a=aef? (H=g'(1)) . (152)

Therefore one can reconstruct F(G) gravity to generate arbitrary expansion history of the universe.
Thus, we reviewed the modified Gauss-Bonnet gravity and demonstrated that it may naturally lead
to the unified cosmic history, including the inflation and dark energy era.
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Stringy gravity:
R
S:/d‘lxx/fg [5+z:¢+£c+..} 7 (153)

where ¢ is the dilaton, L is the Lagrangian of ¢, and L. expresses the string curvature correction
terms,

KX KR KN
Lo=—0,00"¢—V($), Lc= aa'c o £ 4 aa’?e' %o £? + aa’3 £® | (154)

where 1/a’ is the string tension, E(Cl), [,(52), and £(C3) express the leading-order (Gauss-Bonnet term
G in (123)), the second-order, and the third-order curvature corrections, respectively:

é
£ =q,, £P=20;+ RZZRSER:;’: , L = Ly — 6yl — 78533 . (155)
Here, g and Jy take the value of 0 or 1 and
QH=g,

’o0
n'v
#ll/lﬂ/ﬂ/T/W/RuV Rp

av So So
La1 = C3)Ruvpa R (R15RST = 2RV RS7)

r_’ 1!
pvpoTn oo 'n
€ g R s

Q3 ox € -

1 2 1 1
—— prof el ¥4 po ap pv_ = ap PO pu vys ap pv ¥
Ly = 3 (RWQ,;R )+4RW R&TR, SR =S R, SPRTRY SRR, SRR, R,
2
L3 = (RW(MR“”"[’) — 10Ruwap R 7 Ronsp R 77 — RuyasRMERPTTO R, (156)

The correction terms are different depending on the type of string theory; the dependence is encoded
in the curvature invariants and in the coefficients (ci, ¢, ¢3) and 4, dg, as follows,

@ For the Type Il superstring theory: (c1, ¢, c3) = (0,0,1/8) and 6y = dg = 0.
@ For the heterotic superstring theory: (c1, ¢, c3) = (1/8,0,1/8) and 6y = 1,65 = 0.
@ For the bosonic superstring theory: (ci, ¢, c3) = (1/4,1/48,1/8) and 6y = 0,65 = 1.
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String-inspired model and scalar-Einstein-Gauss-Bonnet gravity

The starting action is:
S= /d4x\/—g [i P dO* b — V($) — £(4)G (157)
22 2 M '

Field equations:

0= 55 (<R 4 38R) + 5010076 - 18" 0,00%0 + 38" (~V(0) + £()0)

— 26($)RRM — 4E(P)R™ R" — 26()RMPTTRY,  + 4E(S)R" P Ry
+2(VHVE() R — 28" (V2€(9)) R — 4 (V,9"(0) R™ — 4 (V,VVE(9)) RM
+4(V€(0)) R™ + 4" (V, Vo 8(6) R* +4(V,Va8(6)) R (158)
FRW eq.:
0=— ;HZ + 3452 + V() + 24H? dg(‘i(t)) , (159)
P (2/—/ +3H2) + ¢ — V(¢) — 8H? i 55;/’2( )
- 16HH% —16H* > dg( (t)) (160)

Scalar equation . .
0=0+3Ho+V'(¢) +£ ()G (161)
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String-inspired model and scalar-Einstein-Gauss-Bonnet gravity

In particular when we consider the following string-inspired model,

_2¢ 29
V=Vee %, £(¢)=Ee® (162)
the de Sitter space solution follows:
,Zﬂ
0
H=H=-S"" | ¢$=g¢. 163
o 8Eor2 ¢ = ¢o (163)

Here, ¢ is an arbitrary constant. If g is chosen to be larger, the Hubble rate H = Hyp becomes
smaller. Then, if & ~ O(1), by choosing ¢g/¢o ~ 140, the value of the Hubble rate H = Hj is
consistent with the observations. The model (162) also has another solution:

H=", ¢ =goln & when hy > 0,
H=—%, ¢=golni=t whenhy<O0. (164)
Here, hg is obtained by solving the following algebraic equations:
3h3 2 48&0h3 48¢oh3
0=--2 @+votf— 530, 0= (1 —3hy) g +2Vot? + 520(/10—1). (165)
K 2 t] t]
Eqgs. (165) can be rewritten as
1 ¢ar? (1 — 5ho)
Vot?l =— —— 3R2 (1 —h o - T 166
0ty H2(1+h0){ o ( o) + 2 ( )
48&0h3 6 o
5;’ o _ By — 205 ) (167)
t? K2 (14 ho) 2

The arbitrary value of hy can be realized by properly choosing V4 and &. With the appropriate
choice of Vj and &g, we can obtain a negative hg and, therefore, the effective EoS parameter (3) is
less than —1, w.¢r < —1, which corresponds to the effective phantom.
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F(R) bigravity

Non-linear massive gravity (with non-dynamical background metric) was extended to the ghost-free
construction with the dynamical metric (Hassan et al).

The convenient description of the theory gives bigravity or bimetric gravity which contains two
metrics (symmetric tensor fields). One of two metrics is called physical metric while second metric
is called reference metric.

Next is F(R) bigravity which is also ghost-free theory. We introduce four kinds of metrics, g, g‘{y,
fuv, and fiu The physical observable metric gl“IV is the metric in the Jordan frame. The metric
8w corresponds to the metric in the Einstein frame in the standard F(R) gravity and therefore the
metric gy, is not physical metric. In the bigravity theories, we have to introduce another reference
metrics or symmetric tensor f,,, and f:u. The metric f,,,, is the metric corresponding to the Einstein
frame with respect to the curvature given by the metric f,,,. On the other hand, the metric f:u is
the metric corresponding to the Jordan frame.

The starting action is given by

Shi :M;/dAX\/— detg R® + M? [ d*xy/— detf R
4
+2m2M§ff/d4><x/7dethBn e,,( g*lf) . (169)
n=0

Here R'€) is the scalar curvature for guv and R is the scalar curvature for fuv. Megs is defined by

! _ 1,1 (170)
M, Mz M

Furthermore, tensor /g ~1f is defined by the square root of g"*f,,, that is, ( g*lf) " ( g1 f) -
P

v
ghP fp.
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F(R) bigravity

For general tensor X/, e,(X)'s are defined by
oX)=1, a(X) =X, eX)=3(X"-KX]),
es(X) = 3 (IXT* = 3[X1[X°] + 2[X7)) ,
ea(X) = 2 (IXI" — 6[XP’[X°] + 3[x*)* + 8[X][X°] — 6]X"]),
e(X) =0 for k > 4. (171)

Here [X] expresses the trace of arbitrary tensor X*,,: [X] = X*,. In order to construct the consistent
F(R) bigravity, we add the following terms to the action (169):

3
So = =M. [ d*xy/—detg {Eg“”awauso + V(go)} + / d**Lonatter (€7 guv, ®1) , (172)

Se = —M? [ d*xy/—detf {gf‘“’a,@aug + U(§)} . (173)

By the conformal transformations g, — e_"’gju and f,, — e_sr"fv, the total action Sp =
Sbi + S, + S¢ is transformed as

Sp =M? / d*x\/— det £J {engJ(f) —e % U(E)}
4
+2m My / d'xy/—detg? ) Bael3=2)e-3¢,, (\/gJ*1FJ>
n=0
+ M2 / d*x/— det g7 {e*WR‘“@ —e% V(go)}

+/C/4X[:matter (g:,/7¢i> . (174)
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F(R) bigravity

The kinetic terms for ¢ and £ vanish. By the variations with respect to ¢ and £ as in the case of
convenient F(R) gravity, we obtain

0=2m MeffZﬁn <7 72> (8-2)e-3e,, (y/gJ’1FJ> + M2 {7e_“’R‘](g)

+2e 72 V() + eV ()} (175)
0=—2m’M ffZ Bon (3-2)e- 3¢, (\/g"*lfj> + M { e SR 2072 U(e) + U ()}
(176)

The Eqs. (175) and (176) can be solved algebraically with respect to ¢ and £ as

p=1 (RJ(g), R e, (\/g"“f']>>
£=¢ (RJ(g),RJ(f),en ( /nglfJ)>

. Substituting above ¢ and ¢ into (174), one gets F(R) bigravity:
S = M?/d“xx/fdet FIFD (R”g), R'V e, (\/nglfJ)>
4 n_ J(&) ey (\/gd —1FT
2)(RIE) e, £
—Q—2m2Mfo/d“x\/—dethB"c(2 )4,7( ’ ( & ))En <,/gJ*1fJ>

+M2/d x\/— det g7 F® (RJ@' R e (,/y-%-l)) +/d4xcmme, (giu,fb,') ,

(17)

and
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F(R) bigravity

(oA

(RJ(é’ RN e (W)))} , (178)
{ RJ(g LRI ¢ ( nglfJ))R.m)

o e ()
£ (R‘J(g)’ RI e, (W)) -
_e‘2£< (JJ_—lfJ)) ( ( @ RIN ¢ (W)))} (179)

Note that it is difficult to solve Eqs. (175) and (176) with respect to ¢ and £ explicitly. Therefore
it might be easier to define the model in terms of the auxiliary scalars ¢ and £ as in (174).
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F(R) bigravity: Cosmological Reconstruction and Cosmic Acceleration

Let us consider the cosmological reconstruction program. For simplicity, we start from the minimal
case
Spi =M / d*x\/—detg R® + M? [ d*xy/— detf R
+2m* My / d*x\/—detg (3 — tr /g IF + det \/gflf) . (180)

In order to evaluate §+/g—1f, two matrices M and N, which satisfy the relation M? = N are taken.
Since MM + M&M = §N, one finds

tr oM = %tr (M’I(SN) . (181)

For a while, we consider the Einstein frame action (180) with (172) and (173) but matter contribution
is neglected. Then by the variation over g;,,,, we obtain

1
0 =M (EgWR(g) - Rff’j) + Ml { g (3 = tr VEF)

e (V) (V)

1/3 .. 3
+ My [5 (ggp oo + V(s0)> 8uv — Eauwauv} . (182)

On the other hand, by the variation over f,,, we get
1 1 P
0=M? (gwa“’ - Rff,,) + M2 M2y [det (F-1g) {7% (Ver)"

1 1/3 ., 3
_Ef"” («/g*lf)p“ + det <\/g—1f) fw} —+ M? [5 <§fﬂ 0,605, + U(g)) fuv — 58;@6”5} .

(183)
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F(R) bigravity: Cosmological Reconstruction and Cosmic Acceleration

We should note that det \/g det \/g—1f # V/detf in general. The variations of the scalar fields ¢
and £ are given by

0= 30,0+ V'(p), 0=-30:+U'(¢). (184)
Here O, (f) is the d’Alembertian with respect to the metric g (f). By multiplying the covariant
derivative V}' with respect to the metric g with Eq. (182) and using the Bianchi identity 0 =

\ (%g“,,R(g) - RLg,,) and Eq. (184), we obtain

0= gVl (tr /g 7F) + %vg {fw (\/gflf)flp o+ h (VETT) ’“’“} . (185)

Similarly by using the covariant derivative V’f‘ with respect to the metric f, from (183), we obtain

0=y [Vaarrre) {5 (VETR) e - (Ven) e v ae (V) v ]
(186)

In case of the Einstein gravity, the conservation law of the energy-momentum tensor depends from
the Einstein equation. It can be derived from the Bianchi identity. In case of bigravity, however, the
conservation laws of the energy-momentum tensor of the scalar fields are derived from the scalar
field equations. These conservation laws are independent of the Einstein equation. The Bianchi
identities give equations (185) and (186) independent of the Einstein equation.

We now assume the FRW universes for the metrics g,,,, and f,,, and use the conformal time t for
the universe with metric g,,:

3 3
dsé = Z guvdx!dx” = 3(1.“)2 (—dt’2 + Z (dxi)2> s
i=1

=0
3 3 N2
dsf = 3 fuvdktdx” = —c(e)’de® + b(e)* > ()" (187)
w,v=0 i=1
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F(R) bigravity: Cosmological Reconstruction and Cosmic Acceleration

Then (t, t) component of (182) gives

2,2 2,12 2 3., 1 2\ 42
0= —3M2H? — 3m* M2 (a - ab) + (1“" +5V(@)a(t) ) My, (188)
and (/,j) components give
0 :M; (2H + Hz) + szsz (332 — 2ab — ac)
EFO EV(Lp)a(t)Z M? (189)
4 2 e’
Here H = 4/a. On the other hand, (t, t) component of (183) gives
2,02 2002 2 a 30 1 2 2
0=—-3M;K" +m M_ec” | 1 — » + (Zﬁ — EU(ﬁ)c(t) ) Mg, (190)
and (/,j) components give
3
0 =M} (2K +3K* = 2LK ) + m* My <ab% - c2)
3o 1 2 2
+ Z& - EU(g)c(t) M; . (191)

Here K = b/b and L = &/c. Both of Eq. (185) and Eq. (186) give the identical equation:
ca .
cH=bKor — =b. (192)
a

If & # 0, we obtain ¢ = ab/é. On the other hand, if 3 = 0, we find b= 0, that is, a and b are
constant and ¢ can be arbitrary.
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F(R) bigravity: Cosmological Reconstruction and Cosmic Acceleration

We now redefine scalars as ¢ = ¢(n) and £ = £(¢) and identify 1 and ¢ with the conformal time
t, n = ¢ = t. Hence, one gets

W(t)M2 = — 4M? (H - H2) — 2m* M2 (ab — ac) (193)
V(t)a(t)> M2 =M (2H + 4H2) + m* M2 (62 — 5ab — ac) (194)
3
2 2 (g 2 12 c ac
o(t)M? = — 4M? (K - LK) —2m* M (_E + 1) T (195)
7 2,12 2 y 2 2,12 a’c 2 ac
U(t)c(t)>M? =M (2K +6K? — 2LK) +m M (-2 ). (19)

Here
w(m) =30" ()%, V() =V(em), o()=3¢)}°, UC)=UEE). (197)

Therefore for arbitrary a(t), b(t), and c(t) if we choose w(t), V(t), o(t), and U(t) to satisfy
Eqgs. (193-196), the cosmological model with given a(t), b(t) and c(t) evolution can be recon-
structed. Following this technique we presented number of inflationary and/or dark energy models
as well as unified inflation-dark energy cosmologies. The method is general and maybe applied to
more exotic and more complicated cosmological solutions.
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What is the next?

What is the next? So far F(R) gravity which also admits extensions as HL or massive
gravity is considered to be the best: simplest formulation, ghost-free, easy emergence
of unified description for the universe evolution, friendly passing of cosmological bounds
and local tests, absence of singularities in some versions(Bamba-Nojiri-Odintsov 2007),
possibility of easy further modifications. More deep cosmological tests are necessary to
understand if this is final phenomenological theory of universe and how it is related with
yet to be constructed QG!
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